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Abstract Portfolio credit derivatives are contracts that are tied to an underlying port-
folio of defaultable reference assets and have payoffs that depend on the default times
of these assets. The hedging of credit derivatives involves the calculation of the sen-
sitivity of the contract value with respect to changes in the credit spreads of the un-
derlying assets, or, more generally, with respect to parameters of the default-time
distributions. We derive and analyze Monte Carlo estimators of these sensitivities.
The payoff of a credit derivative is often discontinuous in the underlying default
times, and this complicates the accurate estimation of sensitivities. Discontinuities
introduced by changes in one default time can be smoothed by taking conditional ex-
pectations given all other default times. We use this to derive estimators and to give
conditions under which they are unbiased. We also give conditions under which an
alternative likelihood ratio method estimator is unbiased. We illustrate the applica-
tion and verification of these conditions and estimators in the particular case of the
multifactor Gaussian copula model, but the methods are more generally applicable.
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1 Introduction

Portfolio credit derivatives are contracts that are tied to an underlying portfolio of
defaultable assets and have payoffs that depend on the default times of these assets.
These types of derivatives facilitate the buying and selling of protection against the
credit risk in a portfolio. Examples of portfolio (or multi-name) credit derivatives
include basket default swaps and collateralized debt obligations (CDOs); see, e.g.,
Bruyere et al. [3] and Schonbucher [17] for general background on these types of
contracts.

The payoff of a portfolio credit derivative may be viewed, abstractly, as a function
of the default times of the underlying assets. Valuing the derivative entails calculating
the expectation of the discounted payoff over the joint distribution of the default
times. The marginal distribution of each default time (under a pricing measure) is
typically inferred from the market prices of assets linked to an individual obligor,
such as a bond or a credit default swap (see, e.g., Duffie and Singleton [7]); the joint
distribution may then be specified through a copula function, as in Li [16]. Simple
cases of this approach lead to pricing through transform inversion and numerical
integration techniques, or other numerical methods, as in Andersen et al. [1], Hull
and White [13], and Laurent and Gregory [15]. But more general cases require Monte
Carlo simulation.

The hedging of portfolio credit derivatives requires the calculation of sensitivities
of the contract value to parameters of the underlying default-time distributions. More
specifically, default-time distributions are usually specified through their hazard rates,
and hedging focuses on the effect of changes in these hazard rates—that is, on the
delta with respect to hazard rates or parameters of hazard rates.

Estimating these deltas accurately and efficiently by Monte Carlo presents a chal-
lenge. Estimating price sensitivities by Monte Carlo is typically more difficult than
estimating the prices themselves, and this is particularly true for payoffs with dis-
continuities. In the context of credit derivatives, discontinuities arise because small
changes in default times can produce large changes in a contract’s payoff. For ex-
ample, in a first-to-default swap, a small change in a default time may introduce or
eliminate a default within the life of the swap, or it may change the identity of the
first name that defaults. Either of these changes can produce a jump in the swap’s
cashflows. In the case of a CDO, a discontinuity in cashflows arises when a small
change in a default time causes the default to cross a coupon date.

Finite difference approximation is the most straightforward approach to estimating
sensitivities by Monte Carlo. In the credit context, this means perturbing a hazard
rate and resimulating to compute the change in price. But finite difference estimates
are particularly poor in the presence of discontinuities; see, e.g., the discussion in
Sect. 7.1.2 of Glasserman [10]. The main alternatives are the pathwise method and
the likelihood ratio method, as discussed in Broadie and Glasserman [4] and Chap. 7
of Glasserman [10].

Joshi and Kainth [14] apply these techniques to the hedging of nth-to-default
swaps in the Gaussian copula model. The likelihood ratio method is unaffected by
payoff discontinuities and its application in this context is relatively straightforward.
We provide rigorous support for its application by giving conditions under which it
produces unbiased estimators.
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Sensitivity estimates for credit derivatives

In its simplest form, the pathwise method is inapplicable to discontinuous
payoffs—the interchange of derivative and expectation required to make the method
unbiased typically fails to hold in the presence of discontinuities. Methods for
smoothing discontinuities that result from changes in the order of events have been
studied in the literature on the simulation of queuing networks and other discrete-
event systems; see, in particular, Suri and Zazanis [18], Gong and Ho [11], Chap. 7
of Glasserman [9], and Fu and Hu [8]. These methods use conditional expectations to
smooth the effect of changes in the order of events (e.g., arrivals to or departures from
a queue). Joshi and Kainth [14] arrive at similarly smoothed estimators independently
and by a rather different route, using somewhat informal calculations with delta func-
tions and stopping short of providing rigorous support for their methods. Here, we
avoid the use of delta functions and instead derive smoothed pathwise estimators as
limits of conditional expectations. We give conditions—for the most part, modest
regularity conditions—under which these estimators are unbiased. As a byproduct
of our analysis, we identify a term missing in Joshi and Kainth [14]: In the setting
of nth-to-default swaps, they combine their estimators with a method that forces at
least n defaults to occur on every path; we show that for the calculation of deltas, it
is necessary to consider paths on which n — 1 defaults occur as well.

The rest of this paper is organized as follows. Section 2 provides background on
portfolio credit derivatives and the Gaussian copula model. Sections 3 and 4 derive
the sensitivity estimators. For purposes of illustration, Section 5 presents the partic-
ular cases of basket default swaps and CDOs. In Section 6, we improve the perfor-
mance of the sensitivity estimators using a variance reduction technique. Section 7
concludes the paper. Most proofs are contained in Appendix A.

2 Problem description and background

This section describes the class of credit derivatives we consider in this paper, and it
reviews the popular Gaussian copula model which we use for illustration.

2.1 Portfolio credit derivatives

We consider credit derivatives tied to a basket (or portfolio) of N underlying names,
such as bonds, loans, or credit default swaps. The number of underlying names typi-
cally ranges from 5 to 200. We use T to denote the life of the contract.

We denote by t; the default time of the ith asset, i = 1,..., N, taking

7; = oo if the ith asset never defaults. The default times 7i,..., Ty are positive
random variables with a joint density function f(t1, ..., fy). We denote by f;(#;) the
marginal density of r;, and we denote by f;(#|71,..., Ti—1, Ti+1, ..., Tn) the con-

ditional density function of 7; given the times of the other defaults. The marginal
distribution of each t; is typically extracted from the market prices of credit default
swaps or bonds; these market prices are used to construct a hazard rate function A;
from which we get the distribution
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t
Fit)=P( <1)=1 —eXp(—/ )»i(S)dS>,
0

fi(t) =4 (1) eXP<—/(;

We consider credit derivatives with discounted payoff V(z1, ..., Tn), a function of
the default times. We focus on sensitivities of prices with respect to the hazard rates
of underlying names. The numbering of the underlying names is arbitrary, so there is
no loss of generality in considering sensitivities associated with the first asset. Thus,
suppose the hazard rate function A; depends on a parameter 4 (as well as on time 7),
i.e., A1 = A1(z, h). We consider sensitivities with respect to the parameter 4 as it
varies over an open interval H. In the simplest case, A1 (¢, h) = A1 (t) + h for all ¢,
so that changes in / correspond to parallel shifts in the hazard rate function, but we
consider more general parameterizations. The sensitivity (called delta) with respect
to & is given by

t

Ai(s) ds).

oE(V) — lim EWV(tith+e€),....,t8)) —E(V(r1(h —€),...,tN))

oh e—0 2¢€ ’

where we have attached 4 % € to 1 to indicate the parameter values. We include 4 as
an argument whenever we need to emphasize a change in the value of this parameter.

We use the conditions below in our analysis. After listing the conditions, we dis-
cuss their interpretation and scope. In conditions (A3), (AS) and elsewhere, when
we refer to a property holding almost everywhere (a.e.), we mean with respect to
Lebesgue measure on i or RV, Also, in stating the conditions, we use 11, 72, ...
to denote the random variables representing default times, and we use t{, 17, ...
as real variables representing possible outcomes of the default times. Thus, in
(A4), f(t1,...,ty) is the joint density of the default times 11, ..., Ty evaluated at
fly...,IN.

(A1) The discounted payoff V = V(zy, ..., ty) is a bounded function of the default
times.

(A2) Fix any positive fp,...,ty and let ty4+1 = T. For any i > 2, we define
Jj = argming-,{tx — ¢ : tx > t;}. Then V is Lipschitz with respect to #; in
the interval fti,tj); ie., for any #; and #; + At in (t,¢;), there exists a
Ki(tr,...,ty) < 0o such that

|Vt + At t, . ty) = Vit b, tw)| S |ALK (2, ).

(A3) The first derivative dA;/0h exists and is nonnegative almost everywhere in H.

(A4) The default times 11, ..., Ty admit a density f(#1,...,¢y) and a conditional
density f(t|t2,...,Tn) given 12, ..., Ty, a.8.

(A5) For every h € H and almost every ¢, ..., txy € (0,00), the partial derivative
af(t1,...,tn; h)/0h exists. Furthermore, there exists a nonnegative function g
such that for any 4 € H and all sufficiently small |€|,

[ft ot h+€) — ft .. v h)| < Jelgtr, ... tn),  ae.,
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with
0o o0
f / glti, b, ..., ty)dty -+ -dty < o0.
0 0

(A6) For every h € H and almost every #; € (0,00), the partial derivative
afi(t1; hlta, ..., Tn)/0h exists, a.s. Furthermore, there exists a nonnegative
function g; such that for all sufficiently small |e| and almost every 71,

|fitti;h+€lta, ..., tn) — filtii bl .. )| < lelgi(tlm, ... Th),  as.,
with

o

/ g1(t|t2, ..., Tv)dt; <00, a.s.

0

(A7) A family of random variables {rj(h), h € H} having densities
{f1(#1; h), h € H} can be realized as an almost surely strictly decreasing differ-
entiable function of .

(A8) For all sufficiently small |e|, there exists a random variable K; such that
E(K;) <ocoandforany h,h+e € H, |[t1(h+¢€) — 11(h)| < K. |€], a.s.

The boundedness assumption in (A1) is widely applicable to portfolio credit deriv-
atives, because the maximum gain or loss on each underlying asset in this context is
usually bounded. Condition (A2) makes precise the idea that the payoff is continu-
ous (in fact Lipschitz) so long as the changes in default times are sufficiently small
to leave the order of the default times unchanged. Condition (A3) applies, for ex-
ample, when the parameter & linearly shifts the entire hazard function A1, which
would be the most typical sensitivity considered in practice. The requirement in (A4)
that the default times admit a joint density holds in essentially any nondegener-
ate setting—for example, in the Gaussian copula model, provided no two obligors
are perfectly correlated. Conditions (AS) and (A6) impose some modest regular-
ity conditions on the joint density and conditional density of the default times; in
both cases, the condition imposed is similar to requiring the existence of an inte-
grable derivative. Condition (A7) can often be satisfied by letting U be uniformly
distributed on the unit interval and setting 71(h) = F| l(U ; h), where Fi(t1; h) is
the cumulative distribution function obtained from the density fi(#;; k), and F| !
denotes the inverse with respect to the first argument. For example, in the case of
a constant hazard rate A1 (¢, h) = A1 (h), each 71(h) is exponentially distributed and
t1(h) = —log(1 — U) /X1 (h). In this case, we get

T1(h)
A1 (h)

Ti(h) = ———=2 (), 2.1)

and K in (A8) can be taken as the supremum of |z{(%)| for & € H. The monotonicity
and smoothness properties required of 71 in (A7) follow from corresponding condi-
tions in A1 (k). The assumption of strict monotonicity in (A7) ensures that the map-
ping from A to 71 (k) is invertible, a.s.
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2.2 The Gaussian copula model

The joint distribution of the default times, f (1, ..., fy), has not yet been specified.
The Gaussian copula (as in Li [16], Gupton et al. [12]) is a widely used mechanism for
specifying a joint distribution for the default times consistent with given marginals,
and will provide a useful and illustrative example. The dependence among 7, ..., Ty
is determined by underlying jointly normal random variables Wy, ..., Wy. Each W;
has a standard normal distribution ®, so ®(W;) is uniformly distributed on (0, 1) and
T = Fi_1 (®(W;)) has distribution F;. However, Wy, ..., Wy are correlated, with co-
variance matrix X, and this introduces (and, indeed, completely characterizes) depen-
dence among the default times 7y, ..., Ty. We will make the simplifying assumption
that ¥ has full rank so that no asset has its default time completely determined by
those of the other assets.
More generally, saying that 7y, ..., tx have copula function C means that

P(ty <t1,....t5y <t§) =C(F1(t), ... Fy(tv)).
for any 71, ..., ty. The joint density function of 71, ..., Ty is then given by

BC(ul,...,uN;):) 8u1 auN

ouy...ouy ot oty

f, ... ty) =

N
=cuy,....un: D) [ | filt). 2.2)

i=1

where u; = 1 — exp(— fot’ Ai(s)ds).
For the Gaussian copula,

1 1
cluy, ..., un:X) = Wexp[—i(Cbl(u))T(Zl —I)<I>1(u)}, 2.3)

where I is the identity matrix and wis an N x 1 vector with u; = u;.

3 Estimating sensitivities: likelihood ratio method

There are three primary methods for estimating sensitivities by Monte Carlo: the fi-
nite difference method, the likelihood ratio method, and the pathwise method. The
finite difference method is superficially easier to understand and implement; but it
produces biased estimates and its efficient use requires a difficult balance between
bias and variance in the selection of the perturbation €. The method is particularly
problematic with discontinuous payoffs. The likelihood ratio method avoids diffi-
culties resulting from discontinuities by differentiating a probability density rather
than the payoff. In contrast, the pathwise method differentiates each simulated out-
come with respect to the parameter of interest and (in its simplest form) is limited to
payoffs without discontinuities. The application of the likelihood ratio method and
the pathwise method requires interchange in the order of differentiation and integra-
tion, an interchange that requires verification. For an introduction to these methods
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and issues, see Asmussen and Glynn [2], Broadie and Glasserman [4] or Chap. 7 of
Glasserman [10].

In the setting of portfolio credit derivatives, the likelihood ratio method (which we
address in this section) is relatively straightforward. The pathwise method (which we
take up in the next section) requires a more extensive analysis.

The likelihood ratio method estimates sensitivities through the derivative of a
probability density—in our setting, the density of the default times. It does not require
any smoothness in the discounted payoff. It is therefore widely applied to different
models and credit products. The next result confirms its applicability in our context.

Theorem 3.1 Under conditions (Al) and (AS), the estimator of the delta given by
the likelihood ratio method,

dln f(t1,..., TN h)

o 3.

VT, ..., tv)

is unbiased, i.e.,

JE(V)

a—h :E<V(T], ...,TN)

3lnf(‘l,'1,...,‘L'N;h)
oh ’

In the particular case of the Gaussian copula model, by (2.2) and (2.3), we have

N
Inf(ti,....,t8) =Inc(uy, ..., un; z)+21nf,~(m

i=1

_ —%ln|2| _ %(CD_I(u))T(E_l ~1)o ' ()

N -
—l—Z(lnAi —/ )»,-(s)ds),
i=1 0

and

N -1
81nf(7:],...,'[}\/) — _ aCD (u])au] 1 3)\1 BM
B I

ah -

= — T

~ ouy ok ok " on’

where

dup I 3D~ (uy) o1y’
rM=rGLh), —=—1(l—u), — =27 W/2,
1=A1(t1, h) 5h — an 71(1 —up) o Te

All these expressions can be computed easily. For the case of constant hazard rates,
this estimator appears in Joshi and Kainth [14].
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4 The pathwise method
4.1 Discontinuities and jump terms

Before undertaking a detailed derivation of the pathwise estimator, we motivate our
analysis with a discussion of the problem of discontinuities and how this problem can
be circumvented.

In its usual form, the pathwise estimator of the sensitivity of the expected payoff
E(V(zy,...,ty)) to a parameter i of 71 would be

aV(ti,...,tN) _ aV(tt,...,ty) dti(h)
dh a a1 dh '

with the derivative of 71 as in (A8) and (2.1). This estimator captures the effect of
local changes in the default time 77 resulting from small changes in the hazard rate 1.
For example, it captures the effect of the timing of cashflows that might result from a
small change in t;. However, it does not capture the effect of any discontinuity in V
introduced by a change in the order of defaults.

To stress this point, consider a simple (if artificial) payoff of the form

V(t1, ) =c1l(t1 <) + 2l(12 < 71),

for some constants ¢; and ¢ # c;. If 7] # 17, then a sufficiently small change in &
will not change the order of events, so the pathwise derivative is zero with probabil-
ity 1. If 7y is decreasing in & and 7 is initially greater than 7, then an increase in &
may eventually cause an interchange in the order of defaults, at which point V' will
jump by c¢1 — c2. This jump is not reflected in the pathwise estimator.

To capture the effect of the discontinuity, we condition on all default times other
than 71, which in this example means conditioning on 75:

E(V|n) = c1P(t1 < 2ln) + (1 —P(11 < n2|n)).
Differentiating the conditional expectation yields

IE(V|2)

T —fi(nln)T - (c1 — ),

where fi(-|t2) is the conditional density of 71 given 1o, introduced in (A4), and r{ is
evaluated at 71 = 1. Anticipating the general form we derive in (4.2), we can write
this estimator as
aV
doh
though the first (local) term is identically zero in this case.

The second term—the jump term—contains the essential features of the general
cases we derive. First, we have the conditional density fi(-|12) evaluated at 17 itself,
giving the “probability” (in the sense of a density) that t; occurs just at the same time
as 77. This density is multiplied by —tl’ (to be evaluated at 71 = 1), and the product

— fitln)T] - (c1 — c2),
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gives the rate at which 7 crosses 12 (from the right), given 7. Finally, this jump rate
is multiplied by c¢1 — ¢3, the size of the jump in V when 7] crosses 3.

The rest of this section is devoted to generalizing and justifying this idea. The
final estimator (4.2) includes a jump term for each possible discontinuity; each of
these results from t; crossing some t;, i # 1, or crossing the end of the contract
T = ty4+1. Each jump term is the product of a jump rate and a jump magnitude.
To make these ideas precise, we first need to justify differentiating the conditional
expectation, which we do in Proposition 4.1. We then need to show that the jump rate
has the asserted form and that we can ignore terms resulting from t; crossing more
than one other default time; this we do in Lemma 4.2. We assemble the estimator in
the steps leading to (4.2) and then verify unbiasedness in Theorem 4.3.

4.2 Derivation of the estimator

Our first step is to reduce the problem to one of estimating the sensitivity of the con-
ditional expectation given 12, ..., Ty . Recall (see Condition (A7)) that the parameter
h affects only t1. The following result is proved in Appendix A.2.

Proposition 4.1 Under conditions (A1) and (A3)—(A6),
(a) 0E(V)/0h and OE(V |12, ..., TN)/0h exist
(b) OE(V)/dh =EQE(V |, ..., tN)/0h).

Because the joint distribution of 71, ..., Ty admits a density, 7; # 7; and 7; # T
with probability 1, for any i # j, i, j =2, ..., N. Therefore,

E JE(V|tp, ..., TN)
oh

_E<8E(V|r2,...,rN,ri;étj,ri#T,i#j,i,j:Z,...,N))
N oh '

In the following discussion, we consider only the case that 7; # t;, 7; # T, i # J,
i,j=2,...,N.So, our problem is reduced to finding an estimator of

BVt ...t T # 1, 5 #T i #j. i, j=2,...,N)

o “.n

We restrict attention to the almost-sure event

{t,-;érj,r,-;éT,i;éj,i,j:Z,...,N}

without making this restriction explicit in the following discussion.

The essential idea of the pathwise method is to interchange the order of differenti-
ation and expectation. This requires that the expectation in (4.1) be taken in a measure
that is independent of /. As in Condition (A7), we assume that the dependence on
h enters through 71 = 71 (%), a random function of 4. This makes V dependent on A
through its dependence on 7.
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Since dE(V|12, ..., Tnv)/0h exists, we have
AE(V |1, ..., TN) lim EVEOn, ...,tn) —E(VED |, ... 1y)
oh €l0 2¢
. E(AV©n, ... )
=lim ,
€l0 2e
where ¢ is positive and sufficiently small, we set tl(ie) =10 £ ¢,

yEe = V(rl(ie),...,tN), and AV® = y(te _ y(=9 With the assumption of
a.s. continuity of 77 as a function of #,

€

l(+e) =1.

lim rl(_ ) —limt
€l0 €l0
Therefore, the left and right limits of V exist, a.s.; denote them by
VE = lim o V(&€ Let AV denote lime o AV© _ On the event {r; =1}, for fixed
11, we write AV, for the value of AV to stress the dependence on 1.

We set ty4+1 =T and sort {12, ..., Ty+1} as
TQ) =" STN+D)-

Let I; denote the open interval (t(;,7(;+1)), for i = 2,..., N, and set
Iy = (0,72)) and In41 = (T(n+1), 00). For convenience, we use 7(1) and T(y42)
to denote 0 and oo, so that I; = (z(;), T7(i41)) fori =1,..., N + 1. For any € > 0, the

(+€)
1

possible positions of T and t](_e) fall into four cases:

— They are in the same interval /;.

(+€)

They are in two successive intervals, i.e., T, € I; and rl(fe)

€lit1.

They are in two intervals which are not successive, i.e., r1(+6) € l; and rl(_é) elj,
where j > i + 1.
At least one of them coincides with a point in 72y, ..., T(N+1).

The fourth case happens with probability 0. By omitting the fourth case, we have

E(AV(€)|r2, . ..,‘L’N)
N+1
= Z E(AV(G) ]rl(+€), 7:1(76) eli,v,..., IN)P(II(JFS), rl(fe) €lilt, ..., )
i=1

N
+ Z(E(AV(G)M“) el, rl(fe) €liy1,72,...,TN)
i=1

X P(‘E1(+6) (S I,', ‘L'l(_e) € Ii+l Ty enny TN))
N+1

+ Y BVt ern i eljn.... W)
Jj>i+1
i,j=1

X P(‘L'1(+€) € I,', 7,'1(76) (S] Ij‘Tz, ey ‘L’N)).
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Then,

. EAVO|n, . )
lim
€l0 2¢

_ Ni:lhm E(AV(€>|71(+€), 71(76) el,n,..., ‘L'N)P(T1(+€), 11(75) elilt, ..., Tn)
- m
1=

2e

N
- Zle%l i(E(AV(E) 1t el 179 € g1, 1, .. )
i=1

X P(tl(Jre) el;, 779 el |12, R rN))
N+1

: j>i+1leif3£(E(AV(E)|ff+e) chiy P elin ... w)
i,j=1

X P(Tl(+€) S Il', ‘L'l(ie) S Ij|‘L'2, ey ‘L’N)).

We verity these limits and analyze the three sums on the right in turn.
In the first sum, inside any I;, conditions (A2), (A7) and (A8) together allow us to

apply the dominated convergence theorem to interchange expectation and the limit as
€ |} 0to get

. EAVORT e o, onPE ) 1) e L, . )

€l0 2¢

. EAVO1T 17 e ), ..., 1)

€l0 2¢
T2y eeny l’N)

aV
,..., 'CN) =E(—rl'(h)1(rl el)
aT]

AV© -
=E<lim =1 e ry)
el0 2e

vV
=E(Wl(n el

‘L'2,...,'L'N>,

where 1 is the indicator function. Because V is Lipschitz in [;, it follows that, with
probability 1, the derivative dV /a1 exists almost everywhere in /;. For the second
and third sums, we need the following lemma.

Lemma 4.2 Under conditions (A7) and (AS8),

@ P el 179 ¢ Lilna, ..., ty) = 0, a.s., when € | 0
®) P el 1 el;, j>i+ 1, ..., t5) /€= 0,as., when e |, 0

© P(t[" e I, 7{7 € Iin|ma. ... Tn) /Q2€) — —T1{(h) fi (T hlTa. ... ).
a.s., when € | 0, where h;) satisfies T(h)) = 1(;).

This lemma is proved in Appendix A.3.
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Note that AV (© is bounded since V is bounded, so the limit AV is bounded. By
the lemma,

lim i(E(AV(G)‘rl(JFE) el rl(_e) eliy1,0,..., 'L’N)

€l0 e
(+€) . (—6) .
xP(r;" " el 1 € lipi|na...., v))
31’1
— AV~ oh Sty hlta, ..., Tw)

= —AVy, t(h@y) fi(Tiys hlTa, ..., T),

andfor j >i+1,

o1
IGIE)IZ(E( V(€)|r(+€) € Il,‘L'( ) e 1,72, ...,TN)

x P(rl(Jre) el, r( ) e Ij|r, ..., tv)) =0.
Therefore,

AE(V|t2, ..., TN) i E(AV© |, ..., n)
—_— = |1Im
oh €l0 2e

N+1
v a
_Z <_ﬂ1(nel)

0,...,T N>

N+1
= > AV 1 (hiy) fi(Ty T2, TN
i=2
Y% N+1
= E( oh T, en., ‘L’N> — Z AVr(i)Tll(h(i))fl (‘L’(,’); hlto, ..., TN).

=2
Now we conclude that

IE(V) _E dE(V|12, ..., TN)
oh dh
{2
oh

9V N+1
_E< ZAVT(,)T](h(l))fl(T(I)»h|r27-~~a7:N)>'

N+1
Tz,-.~,TN> — Z AVy, T (hiy) f1(ziys bl T2, .--,TN))

i=2

We therefore obtain from the (smoothed) pathwise method the unbiased estimator

N+1

BV
Z AVe, 7 (hiy) f1(Tiys b2, o T 4.2)
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We have thus proved the following:

Theorem 4.3 Under conditions (A1)—(A8), the estimator (4.2) of delta given by the
(smoothed) pathwise method is unbiased.

This estimator may be interpreted as follows. The first term is the (unsmoothed)
pathwise derivative; it captures the effect of local changes in t; (through changes
in &) that do not introduce changes in the order of the defaults (or changes in which
defaults occur before T'). The sum captures the effect of possible order changes. Term
i is the product of the rate at which 71 and 7(;) change order, and AVy, is the size of
the jump when the order change occurs. The rate of the order change is the product
of the probability (density) that 7y falls exactly on 7(;), multiplied by the derivative
of 71 with respect to & when 11 = 7(;y. The particular form of the jump AV depends
on the payoff; in this sense, the pathwise method requires more information about a
particular derivative contract than does the likelihood ratio method. We illustrate the
estimators with an example in the next section.

5 Application to portfolio credit derivatives

This section discusses the sensitivities with respect to hazard rates in the cases of
basket default swaps and collateralized debt obligations (CDOs). It illustrates the
application of the general estimators and the verification of the conditions used in
establishing unbiasedness.

In the following discussion, we denote by D(¢) the discount factor for the interval
from O to ¢ and take this to be deterministic; in the simplest case, D(t) = exp(—rt)
for some fixed rate r. We assume D(¢) to be Lipschitz in . We suppose the default
times 7y, ..., Ty are correlated through a Gaussian copula function as described be-
fore. The hazard function of the first asset is Ay(¢, #); we let & vary over an open
set H = {h : h > h*}. It is natural to require that inf; , A1 (¢, h) > 0; this ensures that
E(71(h)) < oo, for all h. We also assume that 1 (f, &) is a strictly increasing dif-
ferentiable function of &, and A (¢, h)/dh is bounded for all 4 and ¢. Under these
conditions, we verify in Appendix A.4 that the conditions listed in Sect. 2 are satis-
fied for basket default swaps and CDOs.

5.1 Basket default swaps

Basket default swaps are derivative securities tied to an underlying portfolio of corpo-
rate bonds or other assets subject to credit risk. A basket default swap provides pro-
tection against the nth default in the basket, with n smaller than N and typically much
smaller. This type of nth-to-default swap is less expensive than insuring each asset
separately and may provide adequate protection if multiple defaults are unlikely. Its
cashflows are as follows. Atdates 0 < 71 < T < --- < T,,, < T, the protection buyer
is scheduled to make fixed payments of sy, ..., s, to the protection seller. However,
if the nth default occurs before T, these payments cease and the protection seller
makes a payment to the protection buyer. This payment is determined by the identity
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of the nth asset to default, but is otherwise fixed. If the ith asset is the nth to default,
the payment is 1 — r;, where r; is the recovery rate and 1 is the (normalized) asset
value. (Differences in asset values can be absorbed into differences in recovery rates.)
We denote by R the recovery rate for the nth asset to default.

As in Chen and Glasserman [5], or in Joshi and Kainth [14] with signs reversed,
we write the discounted payoff of the swap as the difference between the discounted
payoffs of the payments made between the parties, called the protection leg and the
value leg:

VTt tn) = Voatue (Tl -+, TN) = Vorot (T1, -+, TN).
Let T denote the time of the nth default. Then
Vyalue(t1, ..., tn) = (1 = R)D(t)1(x < T),

with 1(t < T) the indicator of the event that the nth default occurs before T'; and

S siD(T) + s D@ F e, AT <7 =T,

V t(rlv-“vTN):
Pre S siD(T)), ifr>T.

The first term indicates that upon the nth default, the protection buyer makes an
accrued payment to the protection seller; these payments accrue linearly between the
dates T;.

We can subtract the deterministic component of the swap and define

m
V.t =V, )+ ) siD(T),
i=1

so it suffices to compute E(V (7, ..., Ty)) for pricing.

5.1.1 The likelihood ratio method estimator

The likelihood ratio estimate is straightforward and has the same form as in the
generic case (3.1), where

dln f(t1,...,TN)
oh

N

9A 1 9A aA
Z O wp2n <Dl(“1)/2811(1— up) + —— — g 2L
— 1

Joshi and Kainth [14] derived the same formula in the case of constant hazard rates.
In that case, the likelihood ratio estimator is

N
1 _
V(tl,...,rN)|:— — 171 —27e® 1(“‘)2/211(1 —up) E 1(u,):|
A —
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5.1.2 The pathwise estimator

Next, we consider the pathwise estimator for an nth-to-default swap. In this setting, if
71 is not the nth default time, a small change in t; does not change V,so dV /dt; = 0.
If 71 is the nth default time but r; > T, then V = 0 and again 0V /dt; = 0. Thus,

ov.  aV
Y _1(.[1 =T S T)a
oh  0h

where, as before, 7 is the time of the nth default.
To make the second part of the estimator more explicit, we write
hr =7 '(T) and hgy = 1, (1)) Then

N+1

> AVe, T (hy) fi Ty Al Tg)
i=2

= AV Wty < T 1{(hn—1)) [1(Ta-1): K72, ... TN)
+ AVe 1ty < T)T{(hn) f1 (T hlT2s ... TN)
+ AVrl(tu—1) < T < 1) 71 (hr) f1(T; hlta, ..., TN).

The jump terms are as follows:

AV, 1(@@-1) <T) = D(T(u-1))(r1 = ru—1)1(z—1) < T),
AV, Wtw) <T) = D(tn) (remy —r) (T < T),
AVrl(t-n =T <t()) = DDA —r)1(t(—1) = T < 1(w)).

In the first case, 71 and 7(,—1) change order, changing the identity of the nth default;
in the second case, 71 and 7(,) change order, changing the identity of the nth default;
and in the third case, 71 crosses T, causing the time of the nth default to cross the end
of the life of the swap.

Combining these terms, we get the estimator

8Vl(r =1<T)

on T
— D(x(n-1))(r1 = r—1)1(xn-1) < T)T{(h(n—1)) 1 Tn=1); k|72, .. ., TN)
— D(x(n) (remy — r)1(zeny < Tt{(hwy) [1(Tnys kT2, oo TN)

—D(M)A —r)l(xn-1) < T < tw) i (h7) fi(T; hltas ..., TN). (5.1
Joshi and Kainth [14] arrived at essentially the same estimator using delta functions.
The sign of the first two terms in (8.2) of Joshi and Kainth [14] appears to be incor-

rect. In their jump terms (8.4) and (8.5), it appears that the swap lifetime 7 should be
replaced by the default time ;.
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5.1.3 Numerical examples

We illustrate the likelihood ratio method and the pathwise method discussed so far, as
well as the finite difference method, with some numerical results. In these examples,
we take an interest rate of » = 5%. For simplicity, we assume just a single protec-
tion payment (i.e., m = 1) of s = .10, paid at maturity if fewer than n defaults have
occurred. In the finite difference method, we use € = 0.001 as the increment. These
parameters will be used in subsequent sections as well, and all numerical results are
based on 2 x 10’ replications.

Basket I-Swap Al

As a first illustration, we consider a basket of N = 10 independent assets, with con-
stant hazard rates (0.1, 0.02, 0.015, 0.025, 0.1, 0.3, 0.01, 0.25, 0.15, 0.03). The re-
covery rates are (0.3, 0.1, 0.2, 0.1, 0.3, 0.1, 0.2, 0.2, 0.1, 0.3). Swap Al is a fourth-
to-default swap in Basket 1.

Basket [I-Swap A2

Basket II contains N = 10 assets with (the same) constant hazard rates
(0.1,0.02,0.015, 0.025,0.1,0.3,0.01, 0.25, 0.15, 0.03). The recovery rates are also
the same as above, namely (0.3, 0.1, 0.2, 0.1, 0.3, 0.1, 0.2, 0.2, 0.1, 0.3). They are
correlated and the correlation matrix X, has a three-factor structure. To generate such
a correlation matrix, one can first randomly generate a 10 x 3 matrix A, compute the

supplementary vector B such that B; = ,/1 — Zj: 1 aizj, then let ¥ = AA’ + BB'.
The matrix A we use is

0.0815 —0.4105 —0.4589
—-0.5187 —0.4044 —0.1367
0.0449  —0.4735 —0.6456
0.5795  0.5493 0.3349

—0.4976 —0.3295 —0.3440
—-0.4963 03291 —-0.1737
0.2841 0.2423 0.3518

0.5203 —0.4565 —0.3577
0.5943 —0.0715 —0.5576
—0.4050 —-0.0124  0.3809

Swap A2 is a fourth-to-default swap in Basket II.

The results are displayed in Figs. 1 and 2, which plot the estimated delta and vari-
ance against maturity for swaps Al and A2. In the right panel, the dashed line shows
the variance of the finite difference estimator. The dotted line shows the variance of
the likelihood ratio method estimator, and the solid line shows the variance of the
pathwise estimator.

Figures 1 and 2 show that the finite difference method is very inefficient and un-
stable. The likelihood ratio method and the pathwise method perform much better
than the finite difference method. Although the pathwise method takes slightly longer
(about 1.1-1.2 times) than the likelihood ratio method, it has much smaller variance.
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Fig. 1 The estimated delta (left panel) and its variance (right panel) of Swap Al
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Fig. 2 The estimated delta (left panel) and its variance (right panel) of Swap A2

5.2 Collateralized debt obligations

Another popular type of security backed by a pool of defaultable assets is collater-
alized debt obligations (CDOs). In a CDO, credit loss on the pool is tranched and
passed to different investors. Lower seniority tranches act as cushions against the
loss in higher seniority tranches. When the ith asset defaults, it causes a normal-
ized constant loss of /; = 1 — r; in the portfolio, which is called the loss given de-
fault (LGD) of the ith asset. A tranche of a CDO absorbs losses from an attachment
point S¢ to a detachment point S,,. The cashflows of this tranche are as follows. At
dates 0 < 71 < --- < T, < T, the tranche holder receives payment proportional to
the notional principal left in the tranche. If there are default losses in the portfolio,
the tranche covers the cumulative portfolio loss in excess of Sy and up to S,. For
simplicity, we assume that the net default payments occur only at the coupon dates
T, ..., Tn.

Let L(t) be the cumulative loss on the collateral portfolio at time t < T, i.e.,
L(t)= Zf\;l [;i1(t; <t). The cumulative loss on the tranche at time ¢ is

M) = (L) - Se)" = (L) - Su) ™.
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As shown in Cherubini et al. [6], the discounted payoff of a CDO tranche could be
written as the difference between the default payment leg and the premium payment
leg,

V(T tN) = Vaer(T, oo TN) — Vore(T1, -, TN).

Using the cumulative loss on the tranche, the payoff of the default payment leg can
be expressed as

Vaet(ti, ... tn) = »_ D(Ty)(M(T;) — M(T;—1)),
i=1

where Tp = 0. If we ignore the accrual factor for payment days, the discounted payoff
of the premium payment leg is

Vore(T1, ... Tv) = ¢ Y D(T)(Su — S — M(Ty)),
i=1

where the constant c is the spread or the coupon rate of this tranche. Thus, the payoff
of the CDO tranche can be written as

m—1

V(rn,....tn) =(1+0) Z D(T)M(T;) = Y D(Ti4)M(T;)

i=1 i=1

—c(Su—S) Y, D(Ty).

i=1

We observe that V (tq, ..., Tx) is a linear combination of the cumulative loss on the
tranche M (¢) fort =T, ..., T;y. So for the sensitivity
BE(V) aE(M(T ) aE(M(T ))
—, =0+ >ZD<T) ZD(T

i=1
it is sufficient to compute

OEM (1))

fort="Ty,...,T,.
9 1 m

5.2.1 Sensitivity estimators

The likelihood ratio estimator is straightforward and has the same form as in the
generic case (3.1) and in the basket default swap case, but with a different expression
for V(ty,..., tn).

Next, we consider the pathwise method for a CDO tranche with attachment point
S¢ and detachment point S,. As pointed out in the previous section, the sensitivity
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of the tranche payoff with respect to 4 is a linear combination of the sensitivities of
M) fort=Ti,...,T,, with

N + N +
M(t) = (Zlil(n <1)- Stz) - (Zlil(n <t)— Su) :

i=1 i=1

A change in 7] that is sufficiently small to leave the number of defaults in [0, 7]
unchanged does not change M (¢). Therefore, the continuous part of the sensitivity
estimate is

IM(t)  IM() ot
dh 9t oh

To affect M (¢), a change in 71 must cause 71 to cross t. Moreover, if we have
Yo lil(ti <t) <Sp—1lor Y 5 Li1(t <t) > S, then M(t) =0 or M(t) = Sy,
accordingly, regardless of whether 7| is before or after 7. Let h; = 7 1(¢); then we
can write the jump terms of the pathwise estimator as

N+1
Z AMy, T (hiiy) f1(Tys Bl -, Tl) = AMTi(hy) fi (5 BT, . T,
i=2
where
AM; = [l + LY (@0) = S — (b + LY @0) = 8.) " — (L3 0) — S0) "]
x 1(S¢ — 11 < L2(1) < Su),
and
m
L) = Z(lil(‘ri <1).
i=2

This term describes the case that the cumulative portfolio loss jumps into or out of the
tranche when 71 crosses . Combining both parts, we obtain the pathwise estimator
for the sensitivity of E(M (¢)) as

—AM;Ti(hy) fi(t; hlT2, ..., TN41)-
The pathwise estimator for the tranche value E(V (zq, ..., ty)) is
m
—(14+0) Y D(T)AMzt{(hg)) fi(Tis hlta, ... T 41)
i=1
m—1
+ Y D(Tiy ) AMy; T (hry) f1(Tis hla, - Tvg).

i=1
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5.2.2 Numerical examples

We consider two CDOs, C1 and C2, with tranches 0%—3%, 3%—7%, 7%—10%, 10%—
15%, 15%-30%, and 30%-100%. Each CDO has a pool of N = 200 underlying
assets and a maturity of 5 years. The coupon rate of each tranche is 3% and is paid
quarterly. We use a risk-free rate of r = 5%. All Monte Carlo simulation results are
based on 10° replications.

CDO CI

CDO Cl1 is on a portfolio of 200 independent assets, which are divided into four
groups. The assets in group 1, 2, 3, and 4 have constant hazard rates of 0.5, 0.1, 0.12,
and 0.2 respectively, and have LGDs of 0.9, 0.6, 0.5 and 0.1.

CDO C2

The underlying portfolio of CDO C2 also contains 200 assets. The assets are divided
into four groups with constant hazard rate of 0.5, 0.1, 0.12, 0.2, and LGDs of 0.9,
0.6, 0.5, 0.1, respectively. They are correlated and the correlation matrix X has a
three-factor structure. The factor loading matrix for the four groups is given by

0.0815 —0.4105 —0.4589
—-0.5187 —0.4044 —0.1367
0.0449 —0.4735 —0.6456
0.5795 0.5493 0.3349

We first estimate sensitivities of E(M (¢)) for super-senior tranches (30%—100%)
att =Ti, ..., T;y. The results are displayed in Figs. 3 and 4, which plot the estimated
delta and variance against coupon dates for CDOs C1 and C2. We compare finite
differences, pathwise estimates and likelihood ratio method estimates. In the right
panel, the dashed line shows the variance of the finite difference estimator. The dotted
line shows the variance of the likelihood ratio method estimator, and the solid line
shows the variance of the pathwise estimator.

0.45 1 T
1
04 0.9r !
0.35f 0.8 N
L 1 :
0.3 0.7 P
® 0.6¢ :
50250 g 0o Do
g 02 8 0.5; v
. © :
> 0.4r ! :
0.15f 03 [
. B
01 02 v
0.05f 0.1 v
P
0 % i 53 4 5
coupon dates (years) coupon dates (years)

Fig. 3 The estimated delta of M (¢) (left panel) and its variance (right panel) of CDO C1
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Fig. 4 The estimated delta of M (t) (left panel) and its variance (right panel) of CDO C2

Table 1 Numerical results of CDO C1

The FD method The LR method The pathwise method
0%—-3% 0.0025 (0.0002) —0.0212 (0.0182) 0.0024 (0.0361e—4)
3%—1% 0.0147 (0.0005) 0.0060 (0.0236) 0.0151 (0.0774e—4)
7%—10% 0.0189 (0.0006) 0.0265 (0.0170) 0.0188 (0.0987e—4)
10%-15% 0.0446 (0.0009) 0.0377 (0.0273) 0.0462 (0.1601e—4)
15%-30% 0.2390 (0.0022) 0.2365 (0.0688) 0.2385 (0.4787e—4)
30%—-100% 0.3475 (0.0103) 0.3260 (0.0138) 0.3520 (0.5052e—4)
Table 2 Numerical results of CDO C2

The FD method The LR method The pathwise method
0%-3% 0.0069 (0.0003) —0.0046 (0.0221) 0.0072 (0.0081e—4)
3%—1% 0.0267 (0.0007) —0.0078 (0.0279) 0.0273 (0.0276e—4)
7%—-10% 0.0338 (0.00011) 0.0264 (0.0200) 0.0317 (0.0436e—4)
10%—-15% 0.0763 (0.0022) 0.0536 (0.0314) 0.0759 (0.1132e—4)
15%-30% 0.4044 (0.0087) 0.3309 (0.0735) 0.3893 (0.3343e—4)
30%-100% 0.1439 (0.0060) 0.0972 (0.0331) 0.1415 (0.1437e—4)

Tables 1 and 2 show the performance of the three methods in estimating the
tranche sensitivities. We give the estimated value and standard error for each delta

estimate.

Figures 3 and 4 and Tables 1 and 2 show that the pathwise method produces
much more precise estimates than the finite difference method and the likelihood
ratio method. In fact, for the case of dependent assets, the likelihood ratio method is
less precise than the finite difference method. The pathwise method takes about 2/3
of the computing time required for the finite difference method in the independent as-
sets case, and about 2.5 times as much as in the dependent assets case. The likelihood
ratio method takes roughly 3/5 of the computing time of the finite difference method

@ Springer



Z. Chen, P. Glasserman

in both cases. Considering both variance reduction and computing time, the pathwise
method is much more effective than the other two methods. We should stress that the
pathwise method would not be applicable to this problem without the inclusion of the
jump terms.

6 Applying importance sampling methods

In calculating price sensitivities for credit derivatives, we encounter a difficulty that
is also present in the estimation of the prices themselves: in baskets of high-quality
credits, defaults are rare, making ordinary Monte Carlo inefficient.

Joshi and Kainth [14] and Chen and Glasserman [5] developed importance sam-
pling techniques for basket default swaps that force at least n defaults to occur on
every path. They accomplish this by sequentially increasing the default probabilities
for the names in the basket. The methods differ in how they accomplish this.

Forcing n defaults means that the original probability measure is not absolutely
continuous with respect to the new (importance sampling) probability. While this
could lead to biased estimates in general, it introduces no bias in the pricing of nth-
to-default swaps because V = 0 in the event that fewer than n defaults occur before
time 7.

Combining this approach to importance sampling with pathwise sensitivity esti-
mation, however, requires care; indeed, a straightforward combination produces in-
correct results, a phenomenon apparently overlooked in Joshi and Kainth [14]. The
issue may be understood as follows. One of the jump terms in the pathwise method
arises from the possibility that a small change in & may cause the number of defaults
to increase from n — 1 to n. An importance sampling technique that forces n defaults
to occur on every path fails to capture this term. We correct this by modifying the
importance sampling scheme to force at least n — 1 defaults, rather than just n or
more defaults.

We refer to the importance sampling method of Joshi and Kainth [14] as the JK
method. Chen and Glasserman [5] call their version the Conditional Probability (CP)
method. The JK method uses somewhat arbitrary default probabilities for importance
sampling; in the CP method, the default probability for each name is set equal to
its conditional probability of default, given that at least n names default. Chen and
Glasserman [5] show that these importance sampling probabilities are, in a sense,
optimal and guarantee variance reduction.

6.1 Importance sampling in the likelihood ratio method

Recall the likelihood ratio method estimator of delta in (3.1). Also,
V(ti,...,tv)=0whent > T,and dIn f(7q,..., Ty)/0h exists almost everywhere
in H, almost surely. Thus

dln f(t1,...,TN)

V(ti,...,TN) o =0 whent>T.
Therefore, the CP method (and the JK method) can be applied with the likelihood ra-
tio method estimator by taking V (z1, ..., txy)d1In f (71, ..., T5y)/0h as the new “pay-

off.”
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6.2 Importance sampling in the pathwise method

The pathwise estimator in (5.1) is zero whenever fewer than n — 1 of 7o, ..., Ty are
less than T'. However, we cannot ignore the event that exactly n — 1 of these defaults
occur before T, as we could in pricing the swap; doing so would fail to capture the
second term and the last term in (5.1). Thus, we apply the CP method forcing n — 1
defaults on every path, rather than n defaults on every path.

6.3 Numerical examples

We compare the likelihood ratio method and the pathwise method with and with-
out importance sampling numerically using the test cases Swaps Al and A2, using
2 x 10 replications.

Figure 5 illustrates the error that results from a straightforward combination of the
JK method with the pathwise estimator. In that figure, the solid line shows the correct
value (produced by the pathwise estimator), the dashed line with circles is produced
by the pathwise method combined with a direct application of the JK method, and the
solid line with circles shows the sum of the left out value and the (biased) estimates
produced by a direct application of the JK method with the pathwise estimator.

Figures 6 and 7 show substantial variance reduction achieved by applying the im-
portance sampling method proposed by Chen and Glasserman [5]. Both the likelihood
ratio method estimator and the pathwise estimator benefit substantially from the use
of importance sampling; the pathwise exhibits lower variance than the likelihood ratio
method estimator, both with and without importance sampling.

7 Concluding remarks
In this article, we have derived and analyzed estimators of delta—the sensitivity of

the price with respect to the hazard rate of an underlying asset—for a general class of
portfolio credit derivatives. These estimators build on work of Joshi and Kainth [14].

T T 1.6 T T
1.2} the right value of delta the right value of delta
— © - the estimate by the direct application of the JK method 1 4|~ @~ the estimate by the direct application of the JK method
o the sum of the left out value and the (biased) estimate . o the sum of the left out value and the (biased) estimate
1t by the direct lication of the JK method 4 by the direct lication of the JK method

2 ! 6 8 10
maturity (years) maturity (years)

Fig. 5 The direct application of the JK method in the pathwise method provides incorrect estimates (left
panel: Swap Al, right panel: Swap A2)
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Fig. 6 The estimated delta (left panel) and its variance (right panel) of Swap Al
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Fig. 7 The estimated delta (left panel) and its variance (right panel) of Swap A2

We have provided broadly applicable conditions for the application of likelihood ratio
method and pathwise estimators. An important feature of the pathwise estimators
derived and analyzed here is that they use conditional expectations to smooth the
effect of changes in the order of defaults.

Combining the estimators with importance sampling produces substantial vari-
ance reduction. However, the combination of the pathwise estimator with importance
sampling requires care: We show that in the case of an nth-to-default swap forcing
n defaults on every path—which is effective in pricing—introduces an error in delta
estimates. This error is eliminated by forcing just n — 1 defaults instead. This adjust-
ment is closely connected to the smoothing of jumps.

In addition to basket default swaps and CDOs, the methods can be applied to more
complicated products, including virtually any portfolio credit derivative for which
the payoff V is a function of the underlying default times. In our examples, we have
focused on sensitivities of individual contracts; however, the methods can be applied
easily to sensitivities calculated at the book level, provided the various deals in the
book are valued and hedged in a consistent model of the joint distribution of default
times. In deriving and implementing sensitivity estimators, the only distinction is that
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V should now be interpreted as the payoff of a portfolio of contracts, rather than the
payoff of a single contract.

Acknowledgements The authors thank Mark Joshi and Dherminder Kainth for helpful discussions
about their work, and we thank the referees for their comments and suggestions. This work is supported
by a grant from Moody’s Corporation and by NSF grants DM10300044 and DMS0410234.

Appendix A: Proofs
A.1 Proof of Theorem 3.1

A fairly generic result on the unbiasedness of the likelihood ratio method is given
in Asmussen and Glynn [2], Proposition 7.3.5. However, in specific cases, one still
needs to verify conditions for interchanging derivative and expectation.

The delta, if it exists, is given by

JdE(V) — lim EWV(ti(h+e€),....,t8) —E(V(ti(h —¢€),...,TN))
oh _e—>0 e

= lim — Vi, ....t
6%26,/ f (1 )

X (f(tl,...,tN;h+€)—f(tl,...,IN;h—E))]dt1~--dtN

The last equality holds because the payoff function V does not depend on & explicitly.
Because V is bounded and

|(f(rl,...,tN;h+e)—f(n,...,rN;h—e))/(2e)|

is bounded by an integrable function, we can apply the dominated convergence theo-
rem to interchange the integral and the limit as € — 0 and conclude that dE(V)/9h
indeed exists and is given by

JdE(V) — lim E(V(ti(h+e¢€),....,8) —E(V(ti(h—¢€),...,TN))
oh _6—>0 e

_/°° /°°1. [(f<t1,...,m;h+e>—f(rl,...,tN;h—e))
— 1m
0 0o €—0 2¢

X V(l‘l,...,l‘N)i|dt1-~~dtN

/ / V(ty,...,tn f(tl’a'};" )dl‘l"'dl‘N.

We can obtain an unbiased estimator in the likelihood ratio method by observing that
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oE(V) /OO /OO of (t1, ... tn)
= V(... tN)————2 - dt
"y A A (n N) o 1 N

o0 o0 al Hyoost
=/ / V(ll,-u,lN)Mf(ll,---,lN)dll"'le
0 0

oh

alnf(rl,...,tN)>

=E(V(‘C1,...,‘L’N) oh

A.2 Proof of Proposition 4.1
(a) We have shown in Appendix A.l that dE(V)/dh exists. Similarly, by conditions

(A1) and (AS), we can apply the dominated convergence theorem to interchange ex-
pectation and the limit as € — 0 to conclude that

0E(V|t2, ..., TN) /OO afi(til2, ..., TN)
_— = Vi, o,..., dt;.
o (t1, & ™~) o 1
Therefore, dE(V)/0h and 0E(V |12, ..., Ty)/0h exist.
(b) We have
dE(V of (t1,...,
( ) / / Vt,...,t )f(l )d[1-~-d[N
oh
d ft2,...,t ,...,1
:/ / Vi) (fi(tlt2 N) (2 N))dt1~-~dtN
oh
afi(tlt2, ..., tN
/ / Vi, ..., tn fl(l';h f(tz,...,tN)dtl--~dtN

X IEWVIn,...,
/ / ( ltz )f(tz,...,tN)dtz---dtN

_p(EVI w0
oh

where the third equality holds because f (15, ..., ty) is independent of .
A.3 Proof of Lemma 4.2

(a) This part is a direct application of parts (b) and (c).
(b) With the assumption of the almost sure differentiability of 7; and the mean-
value theorem, there exist 0 < €1, €2 < € such that

1 =n+eo=nmterj(h+e). 1 P=n(h—e)=1—cr(h—e).
Thus,

"L’l(+€) - rl(fe)| =e|t{(h+e)+1{(h — )|
By condition (AS8), there is a K, such that |r{ (h)] < K¢, and then

Hﬂ) _ Tl(fe)| =e|t{(h+e) +1{(h— )| < 2€K;.
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Suppose that to improve look £ is the length of the smallest of the intervals I, i.e.,
¢=ming=2, _ N+1(Tk) — Tk—1)). Then,

P( (+€)ell,r( e)elj,j>i+1|r2,...,r1\/)

(=€)

= ((+€)el 1, Vel j>i+1,

(_€)| ZE|I2,...,IN)

(|r1(+€) — rl(_e)| > £|r2, e, ‘L’N)
<PQReK; ={l|1r,...,TN) :P(KT > 7

12
—I|T2,..., TN ]-
€

Because E(K;) < oo, then as € | 0, we have, almost surely,

£
—P K, >—\m,.. — 0,
2¢ < T 2| )
or
1 £
-PlK;>—|1p,..., 77y | = O.
€ 2e
Along with P(r(+€) € Ii,rl(_e) €lj,j>i+1lp,...,7y) = 0, we conclude
P(r(+€) e l;, 'L'( 6) €lj,j>i+1|t,...,ty)/e - 0, whene | 0.
(c) With the assumption of the continuity of 7y, tl(ié) — 1. Since ‘L’l(+€) e I; and

79 € I,y for all € > 0, then 7| = 7(;) with probability 1. Suppose /) is the value

that gives 7 (h(;)) = 7(;), then

1 o e (o)
lim —P el;,t eliyi|ltn,...,T
€10 2¢ ( ir T i+1]72 N)
1 o e ) (+e) &)
_161£1(}26P( €l 1, €lit1,7 STt =T ‘L'Q,...,TN)

= —1/(h@) [1(Ti)l T2, -, TN).
A.4 Veritying the conditions

In this section, we verify that the assumptions made for our main results hold for
basket default swaps and CDOs in the Gaussian copula model.

(Al): For any given t1,...,ty and ty41 =T let () < --- < t(v+1) denote their
sorted values. Then in the case of basket default swaps, the discounted payoff function
V can be expressed as a function of 7(,):

V(t, ..., ty)

Yoisjr18iD(T) + (1 = R)D(t(n) — SJ+1D(t(n))T("+)1 T Tj <ty <Tjy1;
0, tmy > T.

This V has no explicit dependence on 4.
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If t(;) > T, V = 0; otherwise, V is continuous with respect to f(,) € (0, T). Also
note that

m
li Vi=(1-R i D(T; 00,
f(n?ﬂo' | =( >+§s, (Th) <

lim |V|=(1—-R)D(T) < oo.
l(n)—>T
Therefore, V(t1, ..., ty) is bounded.
In the case of CDOs, the discounted payoff function V can be expressed as a linear
combination of M (t; ty,...,ty), where

N + N +
M@t ... tn) = (Zlil(nfr)—&) _(Zlil(tiff)_su) :
i=1

i=1

fort=Ty,...,T,,.Since 0 < M(¢t;t1,...,tny) < S, — S¢, V is then bounded.

(A2): We first consider the case of basket default swaps. Since #; < #; and
11 + At < tj, t1 + At is in the same position as ¢; when these times are sorted in
the ascending order #(1) < --- <tnv+1). If 1 # #(»), the change in #; does not affect
the value of V, i.e.,

V(ti, o, ..., tn) =V (1 + At 1o, ..., IN),

and V is obviously Lipschitz with respect to ;. If #; = t(), suppose
Ty, <t1 < Tpi1, Tk <11 + At < Ti4q; then,

m

=T,
Vit i, .. otn)= Y siD(T) + (1= R)D(11) = spy1 D(t)) 2,
= Tp+1 - Tp
i=p+1
V(i + At 1, ..., tN)
" t+ At — Ty
= D siDT) + (1= RD@ + A1) = 1 Dty + Aty —————.
et Titr1 — T

Because D(t) is assumed Lipschitz, there exists a constant C; such that
|ID(t + At) — D(t)| < Ci|At|. If p =k,

|V(ti+ At 1, . ty) = V(L b, . ty))|

- '—S”—“((rl + Af —T)D(ty + A1) — (11 — T,)D(1)
Tp+1 = Tp

+ (1= R)(D(t1 + A1) — D(11))

S
P |1+ At — T,)D(t + At) — (1 — T,) D(1y)]

p+1—Tp

+ (1= R)|D(t; + At) — D(1y)|
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< (Si(z —Tp)+ 1 - R)> |D(t + At) — D(1))|
Tp+1

+ 2P\ AND @ + A1)
Tp+1 = Tp

) D(T,
< ((s,,+1 +1-R)C + M)mn.
Tp+1—Tp

If [k — p| = 1, without loss of generality, suppose k = p + 1, i.e., At > 0 and
T, <t <Tp41(=Tx) <t1 + At < Ti41. Then

|V(ti+ At 1, . ty) = V(L b, . ty))|

t At — T 1 —T,
='——1+ Lsip1D(t + A1) + —L 5 D(t1) — s; D(Ty)
Tir1 — T Ty — Tp

+ (1= R)(D(t1 + At) — D(11))

< 44 Ar— Ty DG + A + (1= R)| Dty + Ar) — D(1)]
Tiy1 — Tk
+ Tk * T,, |(D(01) = D(TR)) (11 — T) — D(T)(Tx —11))|
D(T;
< S;“Jmn +s¢|D(t1) — D(T)| + DT At]
k+1

+ (1= R)[D(t1 + At) — D(1)|

< <<Sk—T + 1>D(Tk) + (s +1— R)C1>|At|~
k

Ti+1

If |k — p| > 1, |At| = |Ty — T)|. Then, recalling that V is bounded,

|Vt + At 1y, ... ty) = V(1,12 ..., ty)| < |max V —min V|

|max V — min V|
——|Af].
|Tk - Tp|
Thus, V is Lipschitz in the interval (7, ¢;).
For CDOs, it is sufficient to prove that M(¢; ¢, ..., ty) is Lipschitz with respect
to #1. Since a small change At in #; does not change the order of 71, ..., fy41, it does
not affect the value of M (¢;t,...,tyn), i€,

M(t;t1+ At ..., tN) — M(t;t1,...,ty) =0

The Lipschitz continuity follows directly.

(A3): As in the cases of basket default swaps and CDOs, this is a condition on
how the intensity A is parameterized by A.

(A4): In the Gaussian copula model, 71, ..., Ty have joint density

@ Springer



Z. Chen, P. Glasserman

aC(ui, ..., un; ) d d il
oy = LU RO N s [ S,

ouy...ouyN dat atN im1

Suppose ¥ is the correlation matrix of 77, ..., Ty in the Gaussian copula model,
the joint density function of 12, ..., Ty is then
AC(ua, ... un; ) dus  duy N
... IN) = e e e = . UNL X (7)),
flta .. ty) T el Pl R )Eﬁm
with
cua, ... un; L) = ! exp —1(q>—1(ﬁ))T(>':‘l—I)c1>—1(ﬁ)
e UN 512 > ,

1
where wis an (N —1) x 1 vector withw; 1 =u; =1 —e b A()ds fori=2....,N.
Then we have

f(t, 2, ..., TN)

1(tT, ..., TN) =
f f(Tz,...,TN)
_ 1B EHu-1,_ .
I
) ! ! 1 U (s.h)d
_Z(Z_ )I/CD_ ()P (u1) )»16‘_[0 1(s,h) |
i=2 ’

t i
where u; =1 — e~ o' MG ds gpg u=1-— e o s fori > 1.

(AS): With the assumption of the existence of dA;/dh, in the Gaussian copula
model,

af (t1,t2, ..., tN)
oh

1 r, _ _ -
ZWCXP[_E(Q 1(u))T(Z 1—I)CIJ l(u)i|

( \/—Z ;P Hupe® @20 —upyn + % - ll)

j=1
N
—hl]:[ £

In Lemma A.1 in Appendix A.5, we show thatfor#; >0,i =1,..., N,and h € H,

- eXl)[—%(q)_l(ll))—r(ff1 —D®1(u)] is bounded.
— & up)e® '@ 2(1 —yy) and e® ' @D?*/2(1 — uy) are bounded.
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Along with the assumption that dA;/d4 is bounded, there exist M| and M; such
that almost everywhere in H,

of(t1, 2, ..., tN)
oh

N
M
=< (Mm + Tf) [1r50.
i=1

Define the positive function

o\ N
g, ... ty) = (Mltl + Tf) [5G
i=1

Then

00 00
/ / g(ti,ty, ..., ty)dty -~ dty
0 0

=t [ [T Tswdncdngs [ [T 2R T dndny
0 0 ll] o 0 0 M E o

M,

<ME@)+——2 <00
<ME@)+ e o

(A6): Because

f, v, ..., tN)

o, ..., tyn) =——"7—""—,
f(2, ..., 1)
aof (t1, w2, ..., Tn)/0h exists, and f (12, ..., Tiy) does not depend on £,
ofittilra, ..., tn)  3f (1, T2, ..., TN) 1
h - dh fm, ..., tn)’
Define
g1, 2, ..., TN)
gl(tlhjls'”?TN):—’
f(r,....1y)
Then
af1(t e
‘ f](”t;h ™) <gi(tiltr, ..., N),
and

o0
/ g1ttty ..., tn)dh
0

_ % fiw)
f(m.otv) Jo

Sf(l'z,...,‘lf[\/) MlE(Tl)_Finft’h)Ll(t,h) <00, as.

%0 M
(Mm + Tf)fl(tl)dtl
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(A7): To realize the required construction let U be uniformly distributed in
(0, 1). Take the inverse of Fi(z) and set ty(h) = Fl_l(U; h); then 71 (h) has density
f1(z1; h). Since A is a strictly increasing differentiable function of i, A1 (¢, h) > 0,
and Fi(t;;h)=1— e‘forI Mshyds g easy to see that 71 (h) = F~'(U; h) is a.s. a
strictly decreasing differentiable function of 4.

(A8): We have shown that 71 (h) is a strictly decreasing function. To verify the
Lipschitz property of t1(h), it is sufficient to show for a sufficiently small € > O that
there exists K; such that E(K;) < oo and, a.s.,

T1(U; ) —ti(U; h+¢€) <ekK;:.
For any given U, let rl(o) = 1(U;h) and tfﬂ = 1q(U;h + €). Since
U=FREh=FaMh+e),

) &)

T 3
/ )Ll(s,h)ds=/ M(s,h+e)ds,
0 0

SO
(0) +)

T T
/ I M(s,h)ds:/ ] (A (s, h+€) — ri(s, b)) ds.
rl(ﬂ 0

Let v =inf; , A1(t, h), and 7" = 71(U; h*), where h* is the lower bound of H as
defined before. Then

e

1 1
f e 2y [ Gatsi o G m) ds
v Jo
1[4
5—/ (Al(s,h+e)—k1(s,h))ds.
vJo

Because oA (¢, h)/dh exists and is bounded for all 2 and ¢, there exists a constant M
such that

M@, h4+€)— A (t,h) < Me.
Therefore,
T(U;h) —ti(U; h+¢) = rl(o) - T1(+) < Met /v,
and

E(Met{ /v) < 0.
A.5 Lemma A.1 and its proof

Lemma A.1 Suppose X isan N x N matrix anduis an N x 1 vector. If X is positive
semidefinite with diagonal elements equal to 1 and 0 < uj < 1,
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1.
2.

exp[—%((b_l(u))—r(xfl —D)® ()] is bounded.
@! (ul)e®7l(“1)2/2(1 —uy) and e 1@ 2(1 _ y1y are bounded.

Proof 1. 1t is enough to show that (£~! —I) is positive semidefinite. Since X is
positive semidefinite with diagonal elements equal to 1, its eigenvalues are all non-
negative and less than or equal to 1. This means the eigenvalues of (X! —1T) are then
nonnegative. Therefore (X! —T) is positive semidefinite, and

expl:—%(cbl(u))—r()ll —I)d)l(u)] <1.

2.Let y=® !(u;). We have

— 2 —
O (1 —ue® @ = (1- d(y)yeT (1 —upe® @’

[N}

= (1-d(y)er.

When y — 4o00,ie.,u —0orl,

(1- (D(y))ye% ~ 2 2 = \/% where ¢ (y) = \/;_ne_yz/z,

hence

2

. Y
ygrj?oo(l —®(y))eT =0. O
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